The main purpose of this paper is to explore the metric geometry of L p Mabuchi geodesic rays associated to a Kähler manifold (X, ω), and to provide applications to stability and existence of canonical metrics. First we show that the L p Mabuchi metric spaces are uniformly convex for p > 1, immediately implying that these spaces are uniquely geodesic. Using these findings we show that R p ω , the space of L p geodesic rays emanating from a fixed Kähler potential, admits a chordal metric, making it a complete geodesic metric space for any p ≥ 1. We also show that the radial K-energy is convex along the chordal geodesic segments of R p ω . Using the relative Ko lodziej type estimate for complex Monge-Ampère equations, and new scaled Laplacian estimates for geodesic segments, we point out that L p geodesic rays can be approximated by rays of C 1,1 potentials, with converging radial Kenergy. Finally, we use these results to verify (the uniform version of) Donaldson's geodesic stability conjecture for rays of C 1,1 potentials.
Introduction
Suppose (X, ω) is a compact Kähler manifold with dim X = n. We consider H, the space of Kähler metrics cohomologous to ω, with its L p type Mabuchi metric structures (H, d p ), p ≥ 1 [31] . For simplicity, to describe our motivation, let us momentarily assume that X has no non-trivial holomorphic vector fields. In the recent breakthrough papers [23, 24, 25] Chen-Cheng provided the first existence theorems of constant scalar curvature Kähler (csck) metrics inside the class H. Such metrics are minimizers of Mabuchi's Kenergy functional K : H → R [65] . Together with [8] , the Chen-Cheng results provided a full characterization of existence of csck metrics in terms of d 1 -properness of K. As d 1 -properness is actually equivalent with properness in terms of Aubin's J-functional [31] , this also verified an old conjecture of Tian [75] , [77, Conjecture 7.12] , with the precise statement appearing in [42, Conjecture 2.8] .
Energy properness is the strongest form of stability. Contrasting this is uniform K-stability, one of the weakest such conditions. This criterion was first considered by Székelyhidi [72] , and was further studied by Dervan, Berman-Boucksom-Jonsson, Boucksom-Hisamoto-Jonsson [45, 5, 16, 17] and many others. The ultimate hope is that (uniform) K-stability is weak enough to be verified using computational techniques of algebraic geometry, this being the main motivation behind the Yau-Tian-Donaldson (YTD) conjecture, seeking to show that some form of K-stability is equivalent with existence of csck metrics. This paper focuses on Donaldson's geodesic stability conjecture [49] , meant to close the gap between energy properness and uniform K-stability. The uniform version of this conjecture (see Conjecture 1.7 below) predicts that it is enough to check properness of the K-energy along the geodesic rays of H to insure existence of csck metrics. Initially, the predictions of Donaldson advocated for the use of smooth geodesic rays [49] . As we know now, the typical regularity of geodesic segments is merely C 1,1 [22, 10, 40, 28] , even when connecting smooth endpoints. Hence the present expectation is that (in its optimal form) Donaldson's geodesic stability conjecture should hold for rays that have at most two bounded derivatives.
In this work we verify the uniform C 1,1 geodesic stability conjecture: it is enough to test energy properness along geodesic rays running inside the space of C 1,1 potentials to insure existence of csck metrics. In addition to obtaining an essentially optimal result, this theorem also makes progress on the variational program designed to attack the uniform YTD conjecture (see [12, 25] ). Roughly speaking, to verify the uniform YTD conjecture, one needs to show the same result for C 1,1 geodesic rays that are induced by the so called test configurations of algebraic geometry [76, 50] .
To carry out the above, we first explore in depth the metric geometry of L p geodesic rays (i.e. rays running inside the d p -completions of H), a topic of independent interest. To do this, perhaps surprisingly, we need to first understand uniform convexity of the L p Mabuchi geometry when p > 1, extending work of Calabi-Chen in the particular case p = 2 [21] . After exploring the metric space of L p geodesic rays, we show that such rays can always be approximated via rays of C 1,1 potentials, with converging radial Kenergy. With slightly different formulation, the uniform L 1 geodesic stability conjecture was verified in [24, 25] , pointing out that it is enough to test energy properness along L 1 geodesic rays to guarantee existence of csck metrics. This result, together with our approximation theorems just mentioned will yield the geodesic stability theorem for rays of C 1,1 potentials, i.e., potentials with bounded complex Hessian. In addition to the above, our results resolve a number of related open questions in Kähler geometry, specified in the paragraphs below.
Uniform convexity and uniqueness of geodesic segments.
By H ω we denote the space of Kähler potentials associated to H. The metric completions of (H ω , d p ) are (E p ω , d p ), and the latter spaces are complete geodesic metric spaces for any p ≥ 1 [31] . The distinguished d p -geodesics running between the points of E p ω are called L p finite energy geodesics (or simply finite energy geodesics, or L p geodesics, if no confusion arises). These curves arise as limits of solutions to degenerate equations of complex Monge-Ampère type. We recall the basic properties of these spaces in Section 2.1.
For any p ∈ [1, ∞) it was shown in [25, Theorem 1.5 ] that the metrics d p are "convex": if [0, 1] ∋ t → u t , v t ∈ E p are two finite energy geodesic segments then
This property is called Buseman convexity in the metric geometry literature [56, Section 2.2], going back to [19] . In the particular case p = 1, (1) was established in [7, Proposition 5.1] , having applications to the convergence of the weak Calabi flow. In case p = 2, (1) follows from the fact that (E The CAT(0) property consists of the following estimate: if u ∈ E 2 ω and [0, 1] ∋ t → v t ∈ E 2 ω is a finite energy geodesic segment then
As is well known, (2) [47, Section 6] . It is well known however that CAT(0) Banach spaces are in fact Hilbert spaces [20] , evidencing that only (E 2 , d 2 ) can be CAT(0). Despite this, in the first main result of this paper we show that adequate generalizations of the CAT(0) inequality (2) do hold for the d p metrics, in case p > 1. These can be viewed as the Kähler analogs of classical inequalities of Clarkson and Ball-Carlen-Lieb, regarding the uniform convexity of L p spaces [29, 2] . Consequently, the metric spaces (E p ω , d p ) are uniformly convex for p > 1, giving them extra structure that will be explored in the latter parts of the paper: Theorem 1.1. Let p ∈ (1, ∞). Suppose that u ∈ E p ω , λ ∈ [0, 1] and [0, 1] ∋ t → v t ∈ E p ω is a finite energy geodesic segment. Then the following hold:
In the particular case p = 2 this result recovers the inequalities of Calabi-Chen [21] , however our proof of Theorem 1.1 is very different from the argument in [21] , as the differentiation of d p metrics is problematic for p = 2.
It was pointed out in the comments following [31, Theorem 4.17 ] that d 1 -geodesic segments connecting the different points of (E The metric geometry of geodesic rays. Next we explore the metric geometry of R p u , the space of finite energy L p geodesic rays emanating from a fixed potential u ∈ E p ω . As a convention, given p ∈ [1, ∞), a finite energy geodesic ray [0, ∞) ∋ t → u t ∈ E p ω with u 0 = u will be simply denoted by {u t } t ∈ R p u . In accordance with the metric space literature, two 
That this limit exists and is finite follows from (1). Though not necessarily treated as a metric in other works, [25, Corollary 5.6] , [12, Formula 1.2] also consider the expression on the right hand side of (3), in the slightly restrictive case of unit speed geodesic rays, and non-Archimedean metrics respectively (see also [8, Lemma 3.1] ). Moreover, one would think that the metrics of the graded filtrations defined in [18, Section 3] should be related to the above concept as well. It was pointed out recently that L 1 Mabuchi geometry can be defined for big classes as well [36] . Using this, it is possible to introduce the metric space of weak L 1 rays in the big context (see [38] where we embed singularity types into the space of L 1 rays). By the last part of the above theorem, there is no new information gained by considering different starting points for rays, hence it makes sense to restrict attention to the space (R The radial K-energy is defined for any {u t } t ∈ R p ω , and is given by the expression
where
is the extended K-energy of Mabuchi from [4, 7] . The radial K-energy is d c p -lsc, possibly equal to ∞, and in the setting of unit speed geodesics, its definition agrees with the invariant of [25] . Also, there is clear parallel with the non-Archimedean K-energy (see [12] and references therein).
This theorem represents the radial version of [31, Theorem 2] and [7, Theorem 1.2] (building on [3] ). In slight contrast with previous speculations in the literature (see for example [17] or [25, Definition 1.8]) it seems more natural to consider the space of all d p -rays, not just the ones that have d p -unit speed. Allowing for a bigger class of rays makes possible the construction of d c p -geodesic segments running between any two points of R p ω , with good convexity properties. Moreover, the convexity of the radial K-energy on R p ω could potentially be used to set up the study of optimal degenerations as a convex optimization problem (see [46] ).
The d c p -geodesic segments constructed in the proof of the above theorem are called d c p -chords, as they are reminiscent of the classical chords in the chordal geometry of the unit sphere of R n (at least when restricting to d p -unit speed rays). In case p > 1, due to uniform convexity (Theorem 1.1), we will construct the d c p -chords directly. In case p = 1, in the absence of uniform convexity, the construction of d c 1 -chords is done using an approximation procedure, via our next main theorem.
We have R This latter fact again represents the radial version of a well known phenomenon for the family of metric spaces (E p ω , d p ), p ≥ 1, according to which geodesics are "shared" when comparing different classes. Though the space of d p -unit speed rays seems to exhibit a metric structure reminiscent of the Tits geometry attached to CAT(0) spaces [20] , none of the above properties hold for these structures.
Next we turn to approximation. The collection of geodesic rays {u t } t ∈ R 1 ω with u t ∈ L ∞ , t ≥ 0 will be denoted by R ∞ ω , and will be referred to as the set of geodesic rays with bounded potentials. In addition to having bounded potentials, the rays of R ∞ ω are actually t-Lipschitz, and they solve the geodesic equation of L p Mabuchi geometry in the weak Bedford-Taylor sense, as opposed to the rays of R p ω , p ∈ [1, ∞), that are only limits of solutions to such equations (See Section 2.1). By H 1,1 ω we will denote the set of potentials in PSH(X, ω) whose Laplacian (or whose complex Hessian) is bounded. Analogously, the collection of geodesic rays {u t } t ∈ R 1 ω with u t ∈ H 1,1 ω , t ≥ 0 will be denoted by R
1,1
ω , and will be referred to as the set of geodesic rays with C 1,1 potentials.
ω dense among rays with finite radial K-energy. In both cases one can approximate with converging radial K-energy:
This theorem can be seen as a radial analog of [7, Theorem 1.3] , and makes progress on the variational program designed to attack the uniform Yau-Tian-Donaldson conjecture (see step (4) in [12, p. 2] , c.f. [18, Conjecture 2.5]). It remains to be seen if the condition K{u t } < ∞ can be omitted in (ii).
As a first step, in the proof of Theorem 4.5 we show that one can approximate by bounded geodesic rays with possibly diverging radial K-energy. The argument uses [69] , and this is already an original result that will suffice in case K{u t } = +∞, due to the fact that K{·} is d c p -lsc. However to obtain (i) a much more delicate construction will be needed in case K{u t } is finite, building on the relative Ko lodziej type estimate of [37] . To obtain (ii) we will need novel C 1,1 estimates along geodesic segments that are "scalable" along rays. These will be obtained using the framework of [57] and [54] .
Applications to uniform geodesic stability. We point out applications to characterization of existence of constant scalar curvature Kähler (csck) metrics in terms of geodesic stability. This goes back to Donaldson's related conjectures in [49] .
To start, we say that
Regarding the relevance of semistability for the csck continuity method, we refer to [25] . As an immediate consequence of Theorem 1.5 we obtain the following:
Let G := Aut 0 (X) be the identity component of the group of holomorphic automorphisms of X. By I : E 1 ω → R we denote the Monge-Ampère energy functional (sometimes called Aubin-Yau or Aubin-Mabuchi energy). Then, as explained in [42] , G induces an isometry on
, and one can introduce the following pseudo-metric on the orbits
Moreover, one can analogously define the space of normalized rays [42] , applied to the case of csck metrics. Together with the necessity result ([8, Theorem 1.5]) their theorem showed that existence of csck metrics in H is equivalent with properness of K in the following sense:
for some δ, γ > 0.
ω , and we say that {u t } t ∈ R 1 is G-calibrated if the curve t → Gu t is a d 1,G -geodesic with the same speed as {u t } t , i.e.,
In case G = {Id}, every non-constant ray is G-calibrated.
Building on these concepts, it is natural to state the L p /C 1,1 uniform analog to Donaldson's geodesic stability conjecture, with the original formulation in [49] more closely related to the language of "polystability":
. Let (X, ω) be a compact Kähler manifold. Then the following are equivalent: (i) There exists a csck metric in H.
(ii) There exists δ > 0 such that
for all geodesic rays {u t } t ∈ R p ({u t } t ∈ R 1,1 ).
(iii) K is G-invariant and there exists δ > 0 such that for all G-calibrated geodesic rays
To clarify, in the above statement we allow p ∈ [1, ∞]. The statement of (ii) clearly points out that uniform geodesic stability is simply the condition that tests energy properness (expressed in (4)) along a class of geodesic rays. As explained in [33, Theorem 4.7] (see also [12] ), the L 1 version of the above conjecture automatically holds, as it is equivalent with (4) .
As the notion of G-calibrated rays has an obvious analog in case of the space of finite dimensional rays as well (within the context of Kähler quantizaton), we included this condition here to perhaps facilitate in the future an alternative definition for uniform K-stability in the presence of vector fields.
As explained in [42, Proposition 5.5], in the above conjecture the d 1 distance is interchangeable with Aubin's J functional. Lastly, given that rays induced by 1-parameter actions of G are never G-calibrated, the condition that K is G-invariant (equivalent to vanishing Futaki invariant [55] ) is necessary in the statement of (iii).
Using our above theorems, we prove in Theorem 6.2 and Theorem 6.3 that the C 1,1
and L 1 version of the uniform geodesic stability conjecture are equivalent. As alluded to previously, the breakthrough of Chen-Cheng [24, 25] together with [33, Theorem 4.7] essentially yielded the L 1 version of this conjecture (see Theorem 6.1 below, that is slightly different from the formulation of [25, Theorem 1.1] ). Putting all this together we arrive at our last main result, obtaining an almost optimal version of Conjecture 1.7: Theorem 1.8 (C 1,1 uniform geodesic stability). Let (X, ω) be a compact Kähler manifold. Then the following are equivalent: (i) There exists a csck metric in H.
Clearly, given the obvious inclusions among classes or geodessic rays, the L p versions of Conjecture 1.7 follow. Though slightly different in formulation, the L ∞ version of this result essentially confirms the equivalences between the conditions (3), (4) and (5) in [25, Question 1.12 ] (see also the closely related questions of [24, Remark 1.3] ). In case G = {Id}, the statement of the theorem can be made especially simple: Theorem 1.9. Let (X, ω) be a compact Kähler manifold without non-trivial holomorphic vector fields. Then the following are equivalent: (i) There exists a csck metric in H.
(ii) There exists δ > 0 such that K{u t } ≥ δd 1 (0, u 1 ) for all {u t } t ∈ R 1,1 .
It remains to be seen if in the above stability results one can use rays that have potentials with fully bounded Hessian, not just bounded complex Hessian. Even if possible, this would require substantial amount of new work. Further optimizations are extremely unlikely, given that the typical regularity of geodesics breaks down beyond C 2 estimates. One would think that generalizations to the context of extremal and conical type csck metrics should be possible, using our results together with [58, 80] .
Connections with the literature. Uniform convexity of metric spaces is an active area of research (see [67, 59, 63, 66] and references therein). In particular, by [63, Proposition 2.5] the inequalities of Theorem 1.1 are essentially optimal.
The notion of K-stability goes back to work of Tian [76] , with generalizations and precisions made along the way by S. Donaldson [50] , Li-Xu [64] , G. Székelyhidi [72] and many others. Though the precise form of K-stability is still not fully clarified for general Kähler manifolds [1] , at least in the absence of non-trivial holomorphic vector fields, it is widely expected that uniform K-stability will be equivalent with existence of csck metrics (see [25, Question 1.12] , [12, Conjecture 4.9] ). Informally, uniform K-stability simply says that Conjecture 1.7 holds for C 1,1 rays that are induced by the so called test configurations of (X, ω).
Closing the gap between L 1 uniform geodesic stability and uniform K-stability is the last remaining step in the variational program designed to attack the uniform YTD conjecture (see [12, [74] and others). Indeed, in case the Kähler structure (X, ω) is induced by an ample Hermitian line bundle (L, h), it is pointed out in [15, 18, 12] that R k ω , the space of finite dimensional geodesic rays associated to the space of Hermitian metrics , and for the many difficulties that need to be overcome in this approach we refer to the comments following [12, Conjecture 4.9] .
Further connections with geodesic rays are explored in [38] , related to the metric geometry of the space of singularity types, and complex Monge-Ampère equations with prescribed singularity.
Organization of the paper. In Section 2 we recall basic facts about the L p Mabuchi geometry of the space of Kähler metrics, the relative Kolodziej type estimate of [37] , and we prove weighted versions of the classical inequalities of Clarkson and Ball-Carlen-Lieb that will be needed later. In Section 3 we prove Theorems 1.1 and 1.2 regarding uniform convexity, and uniqueness of geodesics in L p Mabuchi geometry when p > 1. In Section 4 we study the chordal L p metric structures on the space of geodesic rays and prove Theorem 1.4. In Section 5 we prove Theorem 1.5, our main approximation result, and in Section 6 we show that the C 1,1 version of the uniform geodesic stability conjecture holds.
Preliminaries

The L p Finsler geometry of the space of Kähler potentials
In this short section we recall the basics of finite energy pluripotential theory, as introduced by Guedj-Zeriahi [53] , and the Finsler geometry of the space of Kähler potentials, as introduced by the first author [31] . For a detailed account on these matters we refer to the recent textbook [54] and lecture notes [33] . As a matter of convention for the duration of the paper we denote by V the total volume of the Kähler class [ω]:
By PSH(X, ω) we denote the space of ω-plurisubharmonic (ω-psh) functions. Extending the ideas of Bedford-Taylor, Guedj-Zeriahi introduced the non-pluripolar MongeAmpère mass for a general potential u ∈ PSH(X, ω) as the following limit [53] :
For such measures one has an estimate on the total mass X ω n u ≤ X ω n = V , and E ω is the set of potentials with full/maximum mass:
Furthermore, potentials u ∈ E ω that satisfy an L p type integral condition are members of the so called finite-energy spaces of [53] : 
, then the L p norm of ξ is given by the following expression:
In case p = 2, this construction reduces to the Riemannian geometry of Mabuchi [65] (independently discovered by Semmes [70] and Donaldson [49] ). Using these Finsler structures, one can introduce path length metric structures (H ω , d p ). In [31, Theorem 2] , the first author identified the completion of these spaces with E p ω ⊂ PSH(X, ω) from above, and it turns out that (E p ω , d p ) is a complete geodesic metric space.
The distinguished d p -geodesic segments of the completion (E p ω , d p ) are constructed as upper envelopes of quasi-psh functions, as we now elaborate. Let S = {0 < Re s < 1} ⊂ C be the unit strip, and π S×X : S ×X → X denotes projection to the second component.
We
As shown in [32, 31] 
ω connecting u 0 , u 1 can be obtained as the supremum of all weak subgeodesics:
Given u 0 , u 1 ∈ E p ω , we call (5) the L p finite energy geodesic (or simply finite energy geodesic) connecting u 0 , u 1 . Due to this "Perron type" definition, finite energy geodesic segments satisfy a comparison principle.
In case the endpoints u 0 , u 1 are from H ω , the finite energy geodesic connecting them is actually C 1,1 on S × X, as shown by Chen [22] (for a survey see B locki [10] , with the optimal result due to Chu-Tosatti-Weinkove [28] ).
Regarding the metric d p the following double estimate holds for some dimensional constant C > 1 and all p ≥ 1 [31, Theorem 3]:
We recall that for any u ∈ PSH(X, ω) there exists u j ∈ H ω such that u j decreases to u. This is a result due to Demailly [43] with a simpler proof due to B locki-Ko lodziej [11] . It is well known that the Monge-Ampère energy I :
is affine along finite energy geodesics [31] . Moreover, the same is true for sup X u t in case u 0 = 0:
ω be a finite energy geodesic with u 0 = 0. Then t → sup X u t is affine. 
The relative Ko lodziej type estimate
In this short subsection we recall the basics of relative pluripotential theory that are needed to state the relative Ko lodziej type estimates of [37] . For more details we refer to the sequence of papers [34, 35, 36, 37] . Let E be a Borel subset of X. Given χ ∈ PSH(X, ω), we define the χ-relative capacity of E as
When χ = 0, we recover the classical Monge-Ampère capacity Cap ω (see e.g. [52] ). For more on this concept we refer to [37, Section 4] .
Given u ∈ PSH(X, ω), we recall the definition of envelopes with respect to singularity type, introduced by Ross and Witt Nyström [69] :
where P (φ, ψ) := sup{v ∈ PSH(X, ω) s.t. v ≤ φ and v ≤ ψ}. In addition to appearing in the statement of the relative Ko lodziej type estimate below, this concept also plays a role in Theorem 4.5, where it is used to approximate geodesic rays, via [69] .
Finally we recall the following L ∞ estimate from [37] :
Assume also that
Here, given two potentials u, v ∈ PSH(X, ω), we say that u is less singular than v if u ≥ v − C, for some constant C.
This theorem generalizes the classical estimates of Ko lodziej from [62] , and it is used in [37] to solve complex Monge-Ampère equations with prescribed singularity type, and to resolve the log-concavity conjecture of the volume in pluripotential theory. Here we will use it in Section 5 to show that it is possible to approximate L p geodesic rays with bounded ones that have converging radial K-energy.
Weighted Clarkson and Ball-Carlen-Lieb type inequalities
In this short preliminary section we point out relevant extensions of well known inequalities due to Clarkson [29] and Ball-Carlen-Lieb [2] for L p spaces, introducing a weight λ ∈ [0, 1] into these results. These theorems are almost certainly well known to experts in analysis, but we could not find the versions below in the literature.
, where ν is a measure on the set X. Then
Proof. Since t → |t| p 2 is a convex function, we can write the following estimates:
where in the last step we have used that (a
Proof. The proof will be given using diadic approximation. Indeed, it is enough to prove (10) for λ = k 2 m , k, m ∈ N with 1 ≤ k ≤ 2 m . We will argue by induction on m. For m = 1 and k = 0, 1, 2, the statement of (10) is either a triviality or reduces to [2, Proposition 3] . Let us assume that m > 1 and the statement holds for m − 1. We can assume that k is odd, as otherwise the inequality reduces to the case m − 1. Using [2, Proposition 3], we start with the following estimate:
Adding (11), (12) and then using (13) we arrive at
what we desired to prove.
Remark 2.5. As alluded to at the beginning of the subsection, in case λ = 
Uniform convexity and uniqueness of geodesics
Before proving the main result of this section, we first point out the following result about the "spread" of geodesic segments in E p ω , sharing a common smooth endpoint:
ω are two finite energy geodesic segments with u = u 0 = v 0 , and l ∈ R + . Then
Proof. We first assume that u l ≥ v l . Furthermore, using d p -approximation of the endpoints u l , v l ∈ E p ω by decreasing sequences of potentials in H ω , it is enough to prove (14) for C 1,1 -geodesics t → u t , v t with u l , v l ∈ H ω (see [7, Proposition 4.3] ). Using the convexity condition (1) and [31, Lemma 5 
As s → 0 + , using the fact that the geodesics are
p which is a continuous function on X. Since ω n us → ω n u weakly (see [31, Theorem 5 
We now treat the general case, when u l and v l may not be comparable. By the previous step, for t ∈ [0, l] we have
ω is the finite energy geodesic connecting w 0 := u 0 and w t := P (u t , v t ).
Due to the comparison principle for geodesics, we note thatẇ 
p , a, b ≥ 0, we can sum up the above inequalities to arrive at the conclusion:
Before proceeding we note that Theorem 3.1 implies the following Lidskii type inequality proved in the case of Hodge type Kähler metrics in [41] :
Proof. By density it is enough to show this estimate for α, β, γ ∈ H ω . Let [0, 1] ∋ t → u t , v t ∈ E p ω be the increasing/decreasing C 1,1 -geodesics joining u 0 := β, u 1 := α and v 0 := β, v 1 := γ respectively. Then, due to t-monotonicity, Theorem 3.1, and [31, Theorem 1], the following holds:
Next we prove the main result of this section about the uniform convexity of the spaces (E p ω , d p ) for p > 1. This will follow after an adequate combination of Theorem 3.1 and the extension of the inequalities of Clarkson and Ball-Carlen-Lieb, obtained in the previous section.
ω is a finite energy geodesic segment. Then the following hold:
Proof. 
geodesic connecting v ε λ and v 1 . We now assume that 2 ≤ p to address (ii). Using Theorem 3.1 twice, for pairs of geodesics emanating from v ε λ , we conclude that
By the comparison principle for geodesics, we have that v
. Again, by the comparison principle, the concatenation of t → h ε t and t → k ε t is t-convex and we obtain thatḣ ε λ →v λ andk ε λ →v λ uniformly on X. Using this and the above two estimates we can write:
where Now we assume that 1 < p ≤ 2 and we address the inequality of (i). The proof is exactly the same, except for (15), where we use the estimate of Theorem 2.4 instead of Theorem 2.3.
A more careful analysis of the above proof yields the following:
where r := max(2, p).
Proof. Let h be the d p -midpoint of the finite energy geodesic connecting v and u t . Then Theorem 3.3 implies that
for r := max(p, 2), and c := c(p) ∈ (0, 1). Adding these estimates and using the triangle inequality we arrive at:
After dividing by d p (u 0 , u 1 ), basic calculus yields that 
Putting the last two sentences together, [7, Proposition 4.3] To treat the general case, we simply notice that h := max(sup X u, sup X v) ∈ H ω ⊂ E p ω and h ≥ u, v. This allows to introduce a ray
), now follows from the triangle inequality.
Next we introduce the chordal metric on R p u :
That the above increasing limit exists and is finite follows again from (1) and the triangle inequality. As we now clarify, (R 
Consequently {u j l } j ⊂ E p ω is a d p -Cauchy sequence with limit u l ∈ E p ω . By the endpoint stability of geodesic segments in E p ω ( [7, Proposition 4.3] ) it follows that t → u t is a geodesic ray. More importantly, letting k → ∞ in (17) it follows that dp(u j l ,u l ) l is arbitrarily small for high enough j and any l > 0. This in turn implies that d c u,p ({u j t } t , {u t } t ) → 0, giving completeness.
That the map P uv is an isometry, follows from the definition of parallel geodesic rays and the triangle inequality for d p .
By this theorem, no extra information is gained by choice of initial metric, hence going forward we will only consider the space (R Approximation of finite energy rays. In this paragraph we point out that bounded geodesic rays (running inside PSH(X, ω) ∩ L ∞ ) are dense among the rays of R p ω . Later, in the presence of finite radial K-energy we will sharpen this result further.
First we start with an auxilliary result, which is a consequence of Corollary 3.2, and it is the radial analog of [31, Lemma 4.16]:
Proof. We start by noticing that t → sup X u t and t → sup X u j t are linear (Lemma 2.1). By our assumption we have that sup X u j 1 → sup X u 1 [54, Proposition 8.4], hence after possibly subtracting the same t-linear term from all our rays, without loss of generality we can assume that sup X u t , sup X u j t ≤ 0. By convexity we will obtain that 0 ≥ u j t ≥ u t (0 ≥ u t ≥ u j t ) for all j and t ≥ 0. Consequently, Corollary 3.2 is applicable to yield that:
where we have used that t → d p (0, u 
, and the dominated convergence theorem allows to conclude that the right hand side of (18) still converges to zero. 
Proof. It follows from Lemma 2.1 that t → sup X u t /t, t > 0 is constant, hence we can assume (by adding Ct to u t ) that sup X u t = 0, t ≥ 0. Consequently t → u t is t-decreasing. For τ ∈ R and x ∈ X we introduce
It follows from Kiselman's minimum principle [60] that either ψ τ ≡ −∞ or ψ τ ∈ PSH(X, ω). More precisely, since sup X u t = 0 we have that ψ τ ∈ PSH(X, ω) for τ ≤ 0, and ψ τ ≡ −∞ for all τ > 0. Observe also that τ → ψ τ is τ -decreasing and τ -concave.
For all x ∈ X with ψ 0 (x) > −∞ the curve t → u t (x) is continuous in (0, +∞). Hence, by the involution property of the Legendre transform, for such x we have
For ε > 0, τ < 0, set ψ ε τ (x) := max(0, 1 + ετ )ψ τ , and φ
We define φ 
is a (bounded) geodesic ray emanating from 0.
We now prove that u ε t ց u t as ε ց 0, for any t ≥ 0. For t = 0 there is nothing to prove since u ε 0 = u 0 = 0 on X. Fix now t > 0 and x ∈ X with ψ 0 (x) > −∞. Then, using τ -concavity, there exists C > 0 depending on ψ 0 (x), t (but not on ε) such that By Lemma 4.6 below, the family of functions τ → φ ε τ (x) decreases pointwise to the function τ → ψ τ (x) as ε → 0 + for τ < 0. Using τ -concavity and the fact that ψ 0 (x) > −∞, one can extend this convergence to τ = 0 as well. Hence by Dini's theorem the convergence is uniform on [−C, 0]. It thus follows that u ε t (x) ց u t (x) as ε → 0 + . We conclude that u ε t decreases to u t a.e. on X. But these are ω-psh functions, so the convergence holds everywhere on X.
That d . This immediately yields (19) with ε = 1/j. Lemma 4.6. Assume that {u t } t ∈ R 1 ω satisfies sup X u t = 0 for all t ≥ 0. Then for ψ τ defined in (20) we have that X ω n ψτ > 0 for all τ < 0. Additionally for any τ < 0,
Proof. By the involution property, application of the Legendre transform twice gives back the original convex function. In particular, we have that sup τ ψ τ (x) = lim τ →−∞ ψ τ (x) = u 0 (x) for all x ∈ X such that lim t→0 u t (x) = 0. In particular, we get that ψ τ increases a.e. to 0 as τ → −∞. According to [35, Remark 2.5] we obtain that lim τ →−∞ X ω n ψτ = X ω n > 0. Fixing τ < 0, this last identity implies existence of τ 0 < τ such that X ω n ψτ 0 > 0. By τ -concavity of τ → ψ τ we get that
Finally, by the monotonicity [78, Theorem 
Hence we have equality everywhere, and all the integrals are positive. Consequently, ] = ψ τ , for all τ ≤ 0 (the result in these works is only stated for rays of bounded potentials, however the proof only uses the comparison principle that holds for finite energy rays as well, implying the result for these more general rays). Putting everything together [35, Theorem 3.12] implies that lim ε→0 P [(1 + ετ )ψ τ ] = ψ τ , as desired.
The construction of geodesic segments in R p ω .
Next we show that points of (R p ω , d c p ) can be connected by geodesic segments. We first treat the case p > 1, where due to uniform convexity, the construction can be carried out directly. The case p = 1 will be treated using approximation, via Theorem 4.5. Proof. By Theorem 4.2, we only have to show that any two rays {u t } t , {v t } t ∈ R p ω can be joined by a distinguished d we denote the finite energy geodesic connecting 0 and h t,α . Finally, we can assume that u t = v t for t large enough. Indeed, if this does not hold, then (1) would give that {u t } t = {v t } t and the geodesic connecting the two rays is the constant one.
First we show that for any α ∈ [0, 1] and l ≥ 0 there exists w l,α ∈ E p ω such that lim t→∞ l t h t,α = w l,α . By endpoint stability of geodesic segments ( [7, Proposition 4.3] ), this will automatically imply that {w t,α } t ∈ R p ω . As we will see, α → {w t,α } t will represent the d c p -geodesic connecting {u t } t and {v t } t . Again, from (1) it follows that for any α ∈ [0, 1] and 0 < s ≤ t we have
We fix ε > 0. Since dp(us,vs) s (24) and (25) imply existence of s α,ε > 0 such that for any s α,ε ≤ s ≤ t we have
In particular, using (1), for any fixed l > 0 such that max(l, s α,ε ) ≤ s ≤ t we have
By shrinking ε, the expression on the right can be chosen to be as small as we want, implying that the sequence { h t,α =: w l,α ∈ E p ω , as proposed. Moreover, letting t → ∞ on the left hand side of (24) and (25), we obtain that
and
Letting s → ∞, together with the triangle inequality this gives
. Suppose now that 0 ≤ α ≤ β ≤ 1. These last two identities together with the triangle inequality give that
To finish the proof we show that equality holds in this estimate. Indeed, another application of (1) gives that
Letting s → ∞ in this estimate, and after that l → ∞, the reverse inequality in (27) follows, finishing the proof.
ω constructed in the above theorem will be called the d c p -chord joining {w t,0 } and {w t,1 }, as this curve is reminiscent of the chords joining the different points in the unit sphere of R n . Finally, using approximation, we point out that the same result holds for p = 1 as well. First we remark that d 
Proof. To start, we trace the steps in the proof of Theorem 4.7 and notice that the curves α → h t,α , introduced in the argument, did not depend on the particular choice of p.
Fixing l ≥ 0 and α ∈ [0, 1], the crux of the proof is the fact that d p l s h s,α , l s h s,α → 0 as s, t → ∞, which follows from uniform convexity (in case p > 1), as elaborated in (26) .
ω , hence the same conclusion holds for p ′ as well:
The rest of the proof does not use uniform convexity, and goes through without any difficulties for p ′ in place of p, arriving at the conclusion that the chord Proof. Given {w t,0 } t , {w t,1 } t ∈ R 1 ω , we will show that there exists a d
ω joining {w t,0 } t and {w t,1 } t . Fix any p > 1. Using Theorem 4.5 we can find {w We look at the construction of the curves α → {w k t,α } in the proof of Theorem 4.7 and attempt to construct α → {w t,α } using the same method.
Using the fact that d 1 (u, v) = I(u) − I(v) for u ≥ v, and affinity of I along finite energy geodesics, one deduces that for any α ∈ [0, 1] and 0 ≤ s < t we have Lastly, the triangle inequality gives:
Putting everything together, for s ≥ 0 fixed, the first and last term on the right hand side can be made arbitrarily small for big k. Next, with k fixed, the same is true for the middle term for big t, i.e., d 1 s t h t,α , w s,α → 0 as t → ∞. As pointed out in the proof of Proposition 4.8, with this last fact in hand the rest of the proof of Theorem 4.7 goes through without any issues for p = 1.
Convexity of the radial K-energy.
Let p ≥ 1. The radial K-energy is defined for any {u t } t ∈ R p ω , and is given by the expression
is the extended K-energy of Mabuchi from [4, 7] . In the setting of unit speed geodesics, this definition agrees with the invariant of [25] . Also, there is clear parallel with the non-Archimedean K-energy of [12] (and references therein).
Proof
Thus, letting t → +∞ and using lower semicontinuity of K w.r.t. d p we obtain
Letting l → +∞ yields K{v t } ≤ K{u t }. The reverse inequality is obtained by reversing the roles of u, v.
By the above lemma it makes sense to restrict to R 
Proof. We use the notation and terminology of the proof of Theorems 4.7 and 4.9, and normalize K such that K(0) = 0. Using convexity of K along finite energy geodesics [7, Theorem 1.2] we know that for any 0 < s ≤ t and α ∈ [0, 1] we have
The result now follows after taking the limit s → ∞.
Remark 4.12. Many theorems that hold for the finite energy metric spaces (E p ω , d p ) admit a radial version for (R p ω , d p ). As we already pointed out, Theorem 1.4, Lemma 4.3, and also Theorem 5.1 below are examples of this phenomenon. This does not seem to be limited to only these results either. Indeed, though we will not pursue this further here, one can introduce radial analogs of the operators max(·, ·) and P (·, ·), and similar identities/inequalities/results hold for these as the ones described in [31, 32] .
Approximation with converging radial K-energy Approximation with rays of bounded potentials
The goal of this subsection is to strengthen the conclusion of Theorem 4.5 and obtain Theorem 1.5(i) in the process: At places, the argument below shares some similarities with the proof of [39, Theorem 3.2], with the the relative Ko lodziej type estimate of [37] taking the place of Perelman's estimates along the Kähler-Ricci flow on Fano manifolds. Before engaging in the proof of Theorem 5.1, we prove an auxiliary lemma:
Proof. Indeed, it follows from Theorem 4.5 that we can choose {u Consequently both limits are equal to zero, and on the set {u t ≤ −2jt}, we have 0
. This and the above together yield (29) .
Proof of Theorem 5.1. Using Theorem 4.5 and the fact that K{·} is d c p -lsc, we can assume that K{u t } < +∞. Also, via Lemma 2.1, by possibly adding Ct to u t we can additionally assume that sup X u t = 0, i.e., t → u t is t-decreasing with u ∞ := lim t→∞ u t ∈ PSH(X, ω).
For each j > 1, l > 1, we let ϕ j l ∈ E(X, ω) be the unique ω-psh function, whose existence is guaranteed by [53, Theorem A] , such that
where 0 ≤ a j,l ≤ 1 is a constant arranged so that the measure on the right hand side has total mass equal to X ω n . Next we point out that the conditions of Theorem 2.2 are satisfied with appropriate choice of data. Let a := 1 − 
Moreover, due to [14, Proposition 4.3] and [37, Lemma 4.2] , there exists A(X, ω) > 0 such that for any Borel set E ⊂ X we have
where Cap ω is the usual Monge-Ampère capacity and Cap χ is its relative version from [37, Section 3] . Lastly, we note that χ ≤ 0 = P [ϕ 
where C j > 0 is a constant depending on j, but not l > 1! In particular ϕ j l is bounded. Moreover, for 1 < j < k and l > 1 we have
Similarly to (30) , this allows for another application of Theorem 2.2, with the choice of data a :=
, and f := 1. Similarly to the above, the conditions of Theorem 2.2 are satisfied to yield that
t be the bounded geodesic segment joining 0 and ϕ j l + C j . Then (31) and (32) together with the comparison principle for finite energy geodesics implies that
where D j,k depends on j, k but not on l > 1.
To show that the above geodesic sequences subconverge to appropriate geodesic rays, we first prove a number of estimates in the claims below. Claim 1. For any j > 1 we have
Since Ent(ω n , ω n ut ) < +∞, for any t ≥ 0, we can write ω n ϕ j t = f t,j ω n and ω n ut = f t ω n .
Observe first that for any g t ≥ 0 with X g t ω n = X ω n we have that
This follows after splitting up both integrals using the partition {0 ≤ g t ≤ C} and {C < g t } for C > 0 big and noticing that the lim sup of integrals on {0 ≤ g t ≤ C} is always zero. By construction, 1 ≤ f t,j +1 ≤ f t +2 and hence, since s → s log(s), s > 1 is increasing, (f t,j + 1) log(f t,j + 1) ≤ (f t + 2) log(f t + 2). Using the above we then conclude:
Claim 2. We have
Before we start with the argument, we recall that
and the claim follows from the following three estimates. First, the estimate of (31) and basic properties of I(·) give that
Second, by the dominated convergence theorem we have that 
Claim 3. We have
This claim follows from Claim 2 and Lemma 5.3 below, with ϕ 1 = ϕ j t , ϕ 2 = u t and ψ = 0. Indeed, given (31), we have that max(−I(ϕ j t ), −I(u t )) ≃ Ct + C j , for a uniform constant C. Lemma 5.3 then gives
Again, due to (31) and elementary properties of I(·) we have that
Putting these last two estimates together and (36), the claim follows. Claim 4. For any closed smooth real (1, 1)-form α we have
Since α can be written as the difference of two Kähler forms, and I α (·) is monotone when α ≥ 0, notice that the claim follows if we can argue that
Using (31) we observe that this last identity is a consequence of
where the last identity follows from Claim 3. Due to (30) and (36) we also have
where the last equality follows from Lemma 5.2 and the fact that X |u t |ω
Conclusion. To start, we recall the Chen-Tian formula for the K-energy that extends to E 1 ω (see [7, Theorem 1.2] ):
There exists an increasing sequence l k → +∞ such that lim k→+∞ Ent ωMoreover, by (34) we also have that {u
For p = 0, 1, ..., n − 1 we have, using integration by parts and by the Cauchy-Schwarz inequality,
In the last line above we have used ω ϕ 2 ≤ 2ω v and the inequality
It thus follows, by summing up the estimates of |a p − a p+1 | above for p = 0, ..., n − 1, that
We claim that there is a non-decreasing continuous function f :
We proceed by (backwards) induction. For p = n − 1 we can simply take f (s) = C n s, s ≥ 0. By the same argument as above using integration by parts and the CauchySchwarz inequality we have, for 0 ≤ p ≤ n − 2,
where we used several times that ω ϕ j ≤ 2ω v . Using (43) we thus have
Consequently, by possibly increasing f , we have that b p ≤ Af (I(ϕ 1 , ϕ 1 )/A), proving the claim. Comparing with (44), we thus have
what we wanted to prove.
Approximation with rays of C 1,1 potentials
The goal of this subsection is to prove Theorem 1.5(ii):
To argue this result, we need two auxilliary theorems, whose proof will be given at the end of the section. First we will need the following theorem, which will allow to obtain "scaled" C 1,1 estimates along geodesic rays, via convexity:
ω . Then there exists B > 0, only depending on (X, ω) such that
The proof of this theorem is obtained using the estimates developed in [57] . We will also need the following smoothing argument along bounded geodesic rays, relying on the regularizing property of the weak Monge-Ampère flows, closely following the arguments of [54] :
Theorem 5.6. Let B > 0 be from Theorem 5.5, and {u t } t ∈ R ∞ ω with K{u t } < ∞ and sup X u t = 0, t ≥ 0. Then there exists α > 0 depending on (X, ω) such that for all s > 0 and j ∈ N one can find u j s ∈ H ω satisfying the following conditions:
Proof of Theorem 5.4. First we assume that {u t } t ∈ R ∞ ω and sup X u t = 0, t ≥ 0. If {u t } t is the constant ray then we are done, hence after rescaling we can also assume that d 1 (0, u t ) = t, t ≥ 0. Let {u 
Given t ∈ (0, s], by condition (ii) in Theorem 5.6 and Theorem 5.5 we have that
(46) Finally, (1) and condition (iii) in Theorem 5.6 implies that
Fixing t > 0, (45) and (46) gives that {u j,s a subsequence). Moreover, letting s → ∞ in (45), (46) and (47), using Lemma 7.1, we arrive at
Using an Arzela-Ascoli type argument exactly the same way as in the proof of Theorem 5.1, after passing to a subsequence, we can assume that v 
Now, using conditions (iii) and (iv) in Theorem 5.6 we can start writing:
We can suppose that −Cω ≤ Ric ω ≤ Cω, and for the rest of the proof C > 0 will denote a constant only dependent on (X, ω). Using condition (i) in Theorem 5.6 multiple times, we can start the following estimates
where f : R + → R + is a continuous function with f (0) = 0, and in the last line we used Lemma 5.3. Together with (50) , this inequality implies that
Letting s → ∞, since K is convex and d 1 -lsc, we obtain that K{v
Then by (53) , (54) and (55) we obtain at (t, x) that
Thus, for ε < δ(n + 1) n+1 /C n+1 we get a contradiciton in the above inequality, implying that the maximum of h ε,δ can not be attained at (t, x), an interior point of [0, 1] × X. In particular, we have that
Letting ε ց 0 and δ ց 0 thereafter, via Lemma 7.1 we arrive at
motivating the introduction of M u 0 ,u 1 (t) := ess sup X (log(n + ∆ ω (u t )) − Bu t ). Indeed, we can simply write
Next we observe that (57) also holds in case we merely have u 0 , u 1 ∈ H 1,1
ω . Indeed, we pick sequences u To finish, we show that
The proof of Theorem 5.6. In the proof of Theorem 5.6 we will use the formalism of [54] adapted to our context. Fixing ϕ 0 ∈ E 1 ω with sup X ϕ 0 = 0, we consider the following parabolic PDE on [0, ∞) × X with initial data given by ϕ 0 :
To avoid cumbersome notation, we will denote t-derivatives by dots throughout this paragraph. As shown in [54] , (t, x) → ϕ t (x) is smooth on (0, ∞) × X. The initial condition simply means that d 1 (ϕ t , ϕ 0 ) → 0, as t → 0 [54, Section 5. (58) with initial data ϕ j 0 . All this implies that the apriori estimates and maximum principles developed in [54, Section 2] for smooth initial data, also apply for initial data in E 1 ω , as above. For the remainder of this paragraph we pick a small constant λ > 0 depending only on (X, ω) such that X e −2λφ ω n is uniformly bounded for all φ ∈ PSH(X, ω) normalized by sup X φ = 0 (see [73, Proposition 2.1], [79] ).
Let v be the unique continuous ω-psh function such that
By our choice of λ, it follows from [62, 6] (or much more generally [37, Theorem 5.3] ) that v is uniformly bounded by a constant depending only on (X, ω).
Lemma 5.8. With λ ∈ (0, 1) and v as above, we have that
Proof. Let ψ t := (1 − λt)ϕ 0 + λtv + n(t log t − t), t ∈ [0, 1]. The following hold:
This implies that l → ψ t is a subsolution to (58) , and an application of the maximum principle [54, Corollary 2.2] yields the first inequality in (60) . The second inequality follows from [54, Lemma 2.3].
Simplifying (60), we actually obtain that:
for some constant C > 0 dependent on (X, ω). This can be taken one step further, as we now describe:
Corollary 5.9. There exists a constant C > 1 depending on (X, ω) such that w t ≥ w t/2 for any t ∈ [0, 1], where w t := ϕ t + Ct − Ct log t.
Proof. Fixing s ∈ (0, 1), we apply (61) to the flow t → ϕ s/2+t , starting from ϕ s/2 . By (61) we have that e −λϕ s/2 L 2 is controlled by e −λϕ 0 L 2 which is uniformly bounded by a constant depending on λ and (X, ω). Hence for t := s/2 ∈ [0, 1] in (61) we have 0 ≥ ϕ s ≥ ϕ s/2 − Cs + n((s/2) log(s/2) − s/2), where C only depends on λ and (X, ω). Thus, after possible adjusting C, the function w t defined by w t := ϕ t + Ct − Ct log t satisfies w t ≥ w t/2 , t ∈ [0, 1].
We also point out the following simple monotonicity result: Lemma 5.10. The map [0, ∞) ∋ t → Ent(ω n , ω n ϕt ) ∈ R is decreasing. Proof. First let us assume that ϕ 0 ∈ H ω in (58 For the remainder of this paragraph, let {u t } t ∈ R ∞ with sup X u t = 0 and K{u t } < +∞, as in the statement of Theorem 5.6. Since sup X u s = 0, s ≥ 0, by the weak L 1 -compactness of PSH(X, ω) we have that u s ց u ∞ ∈ PSH(X, ω).
Recall that λ > 0 depending only on (X, ω) is such that X e −2λφ ω n is uniformly bounded for all φ ∈ PSH(X, ω) normalized by sup X φ = 0 (see [79] , [ 
where C > 0 only depends on (X, ω). Using (61) we have that osc X ϕ s,2 −j−1 ≤ − inf where in the second line we have used (66) , and all the denominators are non-zero since {ũ
2C
F g ∈ PSH(X, ω), implying that
Here, we used Jensen's inequality to obtain X F g ω n ≤ 0. Using (73) we arrive at:
To obtain the Laplacian estimate, we start with Yau's calculation (for a survey, see [ Let x 0 ∈ X be the point where log Tr ω ω g.0 − Bg.0 is maximized. Using the above estimate and (74) we obtain that Tr ω ω g.0 (x 0 ) ≤ Cd 1 (0.g.0) + C. Together with (73) we arrive at sup X log(n + ∆ ω (g.0)) ≤ Cd 1 (0, g.0) + C.
Appendix
Here we address two likely known facts about Kähler potentials with bounded Laplacian, whose proof we could not find in the literature. 
Proof. After picking subsequence, we can assume without loss of generality that the lim inf on the left hand side is actually a limit. Let δ ∈ R such that log(n + ∆ ω u j (x)) − Bu j (x) < δ for a.e. x ∈ X and j ∈ N. To conclude, it is enough to show that log(n + ∆ ω u) − Bu ≤ δ, a.e. on X.
By assumption, ∆ ω u j + n ≤ e Bu j +δ in the weak sense of postive measures on X. By Dini's lemma we have that u j − u C 0 → 0, hence passing to the weak limit we have that ∆ ω u + n ≤ e Bu+δ , again in the weak sense of positive measures on X. Since all our measures have bounded densities, (76) follows.
Complementing the above lemma, in the next result we point out that the quantity on the right hand side of (75) can be realized with an approriate decreasing sequence, constructed via the method of [44] . Let us recall some elements of this work. We denote by exph x : T x X → X the "quasiholomorpic exponential map" of ω (see [44, Section 2] ). Let χ : R → R be an even non-negative smooth function supported in [0, 1] such that C n χ( ξ 2 )dλ(ξ) = 1. Given u ∈ PSH(X, ω), one can introduce u ε ∈ C ∞ (X) by the following formula:
where dλ is the Lebesgue measure on T x X with respect to ω. ω and B ∈ R. There exists u j ∈ H ω such that u j converges to u decreasingly (and uniformly by Dini's lemma) and lim j sup X (log(n + ∆ ω u j ) − Bu j ) = ess sup X (log(n + ∆ ω u) − Bu).
Proof. By possibly rescaling u with a small constant, we can assume that there exists δ > 0 such that ω u ≥ δω. In particular, it follows from the estimate of [44, Theorem 4.1] that for small enough ε > 0 we actually have that u ε ∈ H ω . Moreover, u ε − u C 0 → 0. Also, it follows from [44, Theorem 3.8] that i∂∂u ε (ζ, ζ) = TxX i∂∂u exph x (εξ) (ζ, ζ)χ(|ξ| 2 )dλ(ξ) + O(|ε|)(ζ, ζ), ζ ∈ T x X, x ∈ X.
Consequently, by an elementary local calculation, we have that: lim ε→0 sup X (log(n + ∆ ω u ε ) − Bu ε ) = ess sup X (log(n + ∆ ω u) − Bu).
After possibly adding small constants to u ε , we can construct the decreasing sequence desired.
